Abstract A cotorsion theory is defined as a pair of classes Ext-orthogonal to each other. We give a hereditary condition (HC) which is satisfied by the (flat, cotorsion) cotorsion theory and give properties satisfied by arbitrary cotorsion theories with an HC. Given a cotorsion theory with an HC, we consider the class of all modules having a special precover with respect to the first class in the cotorsion theory and show that this class is closed under extensions. We then raise the question of whether this class is resolving or coresolving.
Introduction
Cotorsion theories were originally explored by Salce [7] , who gave the following definition for cotorsion theories over Z. The definition extends immediately to an arbitrary ring R. Hence the classes (F, C) satisfy the following conditions.
(1) Ext(F, C) = 0 for all F ∈ F and C ∈ C.
(2) Ext(X, C) = 0 for all C ∈ C implies that X ∈ F.
(3) Ext(F, X) = 0 for all F ∈ F implies that X ∈ C.
F is called the cotorsion-free class and C is the cotorsion class. By far the easiest and most common method of constructing a cotorsion theory is to generate or cogenerate it by some class A (or even set A, see [5] ). A cotorsion theory is said to be generated by a class A if it is of the form (
, that is the class ⊥ A is the cotorsion-free class generated by A and ( ⊥ A) ⊥ is the cotorsion class generated by A. Dually, a cotorsion theory is said to be cogenerated by the class A if it is of the form ( ⊥ (A ⊥ ), A ⊥ ). The most studied cotorsion theory is the pair (F, C) of (torsion-free, cotorsion) groups found in [2, 4] . For this example, it is not difficult to verify that the class C comes from the rationals Q, where C and so (F, C) is seen to be cogenerated by the rationals. As an example of a cotorsion theory over an arbitrary ring we can extend the above example to the cotorsion theory (F, C), where F is the class of flat R-modules and C is the class of cotorsion R-modules (see [1] ). (1) For any linear map f : M → X with X ∈ X , there exists a linear map g :
In the case of (1) holding, but not necessarily (2), then X is a pre-envelope.
Definition 1.3.
For a left R-module M , a module X in X is called an X -cover of M if there is a linear map f : X → M such that the following hold.
(1) For any linear map f : X → M with X ∈ X , there exists a linear map g :
(2) If an endomorphism g of X is such that f • g = f , then g is an automorphism.
In the case of (1) holding, but not necessarily (2), then X is a precover.
If X is an X -cover of M and if X is closed under extensions, then Ker f ∈ X ⊥ . Note that if Ker f ∈ X ⊥ , then X is an X -precover (see [3] and [8, Lemma 2.1.1]).
Dually, the following definition can be given.
The following definitions, given in [7] for abelian groups, are closely related to the above definitions. Clearly (F, C) has enough injectives (projectives) if and only if every module has a special C-pre-envelope (special F-precover).
We shall refer to the above exact sequences as a special C-pre-envelope and a special F-precover of M , respectively.
The following proposition is proved in [7, Corollary 2.4] for abelian groups, but the proof can be easily extended to R-modules.
Proposition 1.8. A cotorsion theory has enough injectives if and only if it has enough projectives.
We will give a hereditary condition for a cotorsion theory (F, C) and prove under this condition that the class of all modules having special F-precovers (C-pre-envelopes) is closed under extensions.
Definition 1.9. A class A of modules containing all projective (injective) modules is called resolving (coresolving) if, for every short exact sequence 0 →
Under some complementary conditions we prove that the above classes are resolving and coresolving.
The hereditary condition
For a general cotorsion theory over rings there are interesting results that we can obtain by generalizing results for the (flat, cotorsion) cotorsion theory. However there is a property that we must state first because the (flat, cotorsion) cotorsion theory satisfies a certain criterion, that of the following theorem, which may not be satisfied by a general cotorsion theory. We will call this the hereditary condition and denote it by HC. Theorem 2.1. For any cotorsion theory (F, C) the following are equivalent.
Proof . The proof is in four parts. We prove that each of (i) and (ii) is equivalent to (iii).
(a) Assume (i), take any C ∈ C and F ∈ F, and consider the short exact sequence formed from the injective envelope of C:
Then Ext 2 (F, C) = 0 for every C ∈ C and F ∈ F.
(b) Assume Ext 2 (F, C) = 0, for every C ∈ C and F ∈ F, and take any short exact
by assumption, so Ext(F, C) = 0 and we see that C ∈ C.
(c) Assume (ii), take any C ∈ C and F ∈ F, and consider the short exact sequence formed from the projective resolution of F by cutting off at the first projective element and passing to the kernel of the epimorphism:
(d) Assume Ext 2 (F, C) = 0, for every C ∈ C and F ∈ F, and take any short exact
by assumption, so Ext(X, C) = 0 and we see that X ∈ F. Definition 2.2. If a cotorsion theory satisfies the equivalent conditions of the above theorem, we will say that it satisfies the hereditary condition and denote this condition by HC.
As an aside it should be noted that the proposition, for any cotorsion theory (
is clearly not correct and this can be seen by the simple example below. (ii) Every left R-module in F is also in C.
(iii) Every left R-module in F is also in P, the class of all projective modules.
Special precovers and pre-envelopes
The following theorem shows that the class of all modules having a special precover with respect to the first class in the cotorsion theory is closed under extensions. This is proved in [8, Theorem 3.1.8] for the (flat, cotorsion) cotorsion theory, when the ring R is right coherent.
Theorem 3.1. Let (F, C) be a cotorsion theory with HC and 0 → A → B → C → 0 be exact. If A and C have special F-precovers, then B has a special F-precover. Moreover, if F is closed under direct limits, then B has an F-cover.
Proof . Since C has a special F-precover 0 → C 1 → F 1 → C → 0 with C 1 ∈ C and F 1 ∈ F, we have the following pullback diagram:
The module A has a special F-precover 0 → C 2 → F 2 g − → A → 0 with C 2 ∈ C and F 2 ∈ F. In the exact sequence
we have Ext 2 (F 1 C 2 ) = 0 by assumption, and therefore g * is an epimorphism. So there is an exact sequence
, that is we have the following commutative exact diagram:
From these two diagrams we have the following commutative exact diagram:
The second part of the theorem comes from [3] . Now we show that the classes of modules having special F-precovers and special Apre-envelopes are resolving and coresolving. Then from the pushout diagram we have the following commutative and exact diagram:
We obtain the following commutative exact diagram:
Then N ∈ C, since C, K ∈ C, and so the last column in the diagram gives a special C-precover.
The dual statement can be proved in an analogous way. Lemma 3.3. Suppose that every module from C has a special F-precover and let 0 → A → C → B → 0 be a short exact sequence with C ∈ C, where B has a special F-precover. Then A also has a special F-precover. Then from the pushout diagram we have the following commutative exact diagram:
The dual statement can be easily formulated and proved. Proof . Suppose that every module from F has a special C-pre-envelope and let C be any module from C. Since gl · dim R < ∞, C has a finite projective resolution (see [6] ):
This sequence is the Yoneda product of the following short exact sequences:
Now P n , P n−1 are projective and therefore they are in F. By Lemma 3.2, K n−2 has a special C-pre-envelope. Continuing in this way we see that K 0 has a special C-preenvelope. Applying Lemma 3.3 to the last sequence we see that C has a special Fprecover.
The proof of the inverse statement is dual.
Definition 3.6. If gl · dim R < ∞, the cotorsion theory (F, C) satisfies the HC and every module from F has a special C-pre-envelope (or equivalently, every module from C has a special F-precover), we will say that (F, C) satisfies the extended hereditary condition (denoted by EHC). 
Now N ∈ C, since K, C ∈ C, and therefore the last column gives a C-pre-envelope for N . The inverse statement can be proved in a dual manner. Since K and G are in C, then H is also in C. So 0 → H → F → C → 0 is a special F-precover for C. Because of the previous proposition we can state that if A, B have special C-pre-envelopes, then C also has a special C-pre-envelope.
One can easily verify dually that if B, C have a special C-pre-envelope, then A also has a special C-pre-envelope. Now Proposition 3.7 and Theorem 3.1 complete the proof.
